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We reply to the preceding Comment by Fulling and Unruh criticizing our conclusion that principles of
quantum field theory as of now do not give convincing arguments in favor of a universal thermal response of
detectors uniformly accelerated in Minkowski space@Phys. Rev. D65, 025004~2002!#. We maintain our
conclusion and present additional arguments to confirm it.
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I. INTRODUCTION

We concluded in our paper@1# that ‘‘principles of quan-
tum field theory as of now do not give convincing argume
in favor of a universal thermal response of detectors u
formly accelerated in Minkowski space.’’ To be more pr
cise, we showed that the Unruh procedure@2# was an invalid
quantization scheme in Minkowski spacetime~MS!. Hence
this procedure cannot introduce the notion of Fulling-Rind
~FR! particles @3# in MS, so that the assertion that th
Minkowski vacuum is a thermal state of FR particles los
any sense.

The authors of the Comment@4# on our work argue that it
deals mainly with ‘‘mathematical technicalities’’ irrelevant
the ‘‘Unruh effect,’’ and thus our conclusions are ‘‘unwa
ranted.’’ We disagree with this conclusion, and in this Re
we will try to clarify the issues touched on by the authors
the Comment. For the reader’s convenience the structur
our notes basically repeats the structure of Ref.@4#. We use
the same notation as in Refs.@1,4#.

II. BOUNDARY CONDITIONS IN THE UNRUH PROBLEM

A. Rindler and Minkowski representations
and boundary „decay… conditions

The conclusion of Sec. II A of Ref.@4# reads: ‘‘Any math-
ematical pathologies encountered in attempting to extend
FR representation of the field algebra right onto the horiz
are not relevant, either to Unruh’s work~because it does no
deal with the FR representation! or to Fulling’s ~because the
horizon and the regions beyond it are not part of the spa
time considered there!.’’

Let us first comment on Fulling’s work@3#. We have
never called in question the consistency of Fulling quanti
tion in Rindler spacetime~RS! regarded as a self-containe
globally hyperbolic, static spacetime. But we analyzed F
ing’s procedure in Sec. III of our paper@1# and showed tha
it implies zero boundary~decay! condition at space infinity
of RS. The authors of Ref.@4# agree that this boundary con
dition @of type ~iii ! according to Ref.@4## exists, but asser
that it is ‘‘totally irrelevant to what happens inR, identified
with RS.’’ We cannot agree with this assertion. The discus
boundary condition is just the standard restriction for a
1550-7998/2004/70~4!/048702~6!/$22.50 70 0487
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physical field to decay at spatial infinity and is of cruci
importance for the structure of the quantum field in inn
points of the corresponding spacetime, say RS. This follo
from the fact that operator coefficients in expansion of
field in terms of a complete set of orthonormalized mod
acquire the meaning of creation and destruction opera
under at least two requirements. First, they must obey
nonical commutation relations; and second, any phys
quantities associated with these operators, such as, e.g
energy of a one-particle state, should be finite. Our bound
condition just ensures the satisfaction of the second requ
ment. Moreover, it was shown in Ref.@1# that this boundary
condition follows from the finiteness of one-particle stat
with necessity. This agrees with the result of Parentani, w
showed in Ref.@5# that the average energy of a Fulling
Rindler particle in MS is infinite.

The second requirement usually goes without saying
is not discussed in textbooks, as a rule. It would not be wo
discussing it in connection with the Fulling quantization e
ther, if the work@3# dealt with a field located exclusively in
RS. However, the author of Ref.@3# makes an attempt to
compare the notion of FR particles with the standard part
concept in MS. This is done by expanding the Minkows
field restricted to theR wedge of MS in terms of Fulling
modes. This mathematically legal operation results in
~30! of Ref. @3# and is interpreted as a relation between c
ation and destruction operators for FR and standard MS
ticles. However, the restriction of the Minkowski field to R
does not obeythe zero boundary condition. Hence the ope
tor aj in the left-hand side of Eq.~30! does not satisfy the
second requirement and thus cannot be identified with
destruction operator of a FR particle introduced in Sec. I
of Ref. @3#. Therefore the absolutely correct conclusion
Ref. @3# that ‘‘The notion of aparticle is completely different
in the two theories’’ arises not so much from the nonvani
ing kernelV( j ,k) in Eq. ~30! of Ref. @3#, as from the fact that
these two theories arise in two absolutely different physi
problems. One of these problems is quantization of the fi
in global MS with zero boundary conditions at space infi
ties, z→6`, z is the space coordinate in MS, while th
other is the quantization in RS with zero boundary condit
at r→0 andr→`, wherer is the RS space coordinate. Th
field quantized in RS according to the Fulling prescripti
©2004 The American Physical Society02-1
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COMMENTS PHYSICAL REVIEW D 70, 048702 ~2004!
and the field quantized in MS with the conventional proc
durecannot be identifiedeven in theR wedge of MS.1

Let us emphasize that the author of Ref.@3# has consid-
ered the possibility of this interpretation. It is written in Re
@3#, p. 2856 that ‘‘thea quantization in Rindler space@the
Rindler-Fock representation, Eq.~23!# can be interpreted a
that appropriate to the physical situation of an impenetra
wall located on the light conez50, or, more realistically, to
the limiting case of a wall which accelerates along one of
curvesz5z0, wherez0 is a small positive constant,’’ see als
Ref. @6#. According to Ref.@3# this interpretation implies
imposing the ‘‘perfect reflection’’ boundary condition2 that
Fulling modes are equal to zero at the wall~on the light
cone!. Our interpretation almost literally coincide with tha
one. There are only two distinctions:~i! we impose the zero
boundary condition not for the modes~they are already dis
tributionally equal to zero at the pointr50), but for the
field operator in a weak sense~see Ref.@1#!; and ~ii ! our
point is that particle interpretation of the quantum field in R
is possible only if the field operator obeys the zero bound
condition. It is clear that in the framework of this interpret
tion FR representation is not relevant to the ‘‘Unruh effec
so on that point we agree with the authors of Ref.@4#.

We also agree that any attempt to extend the FR vacu
as a possible state of the field throughout MS is a ‘‘dubio
enterprise.’’ However, such an attempt was undertaken in
Unruh work@2#. To make sure of this one should look at Eq
~2.10!–~2.12! of Ref. @2#. In particular, Eq.~2.12! of Ref. @2#
is the union of the field expansions in FR modes for theR
andL wedges of MS. Then the right and left FR modes a
‘‘analytically extended across the future and past horiz
into the regionsF andP of MS’’ to make ‘‘the expansion of
Eq. ~2.12! valid in the full MS;’’ see Ref.@2#, p. 879. It is
worth noting that the operator coefficients of the expans
~2.12! are exactly creation and destruction operators of
particles forR andL wedges of MS and define the right an
left FR vacua already as a state of the field in the full M
@see Eq.~2.11! and the unnumbered formula following Eq
~2.19a! of Ref. @2##. It is written in Ref.@2, p. 880# that ‘‘the
Minkowski vacuum can be reexpressed as a many-par
FR state.’’ Then ‘‘by comparing the expansion of the fie
operator in terms of the Minkowski positive-frequency bas
and comparing the resultant creation and annihilation op
tors with the FR set’’ the author arrives at Eqs.~2.19a!,
~2.19b! of Ref. @2#. Thus we conclude that the assertion
the authors of the Comment@4# that the ‘‘Unruh work does
not deal with the FR representation’’ contradicts the act
content of Ref.@2#.

It must be clear from the above discussion that the no
of FR particles implies the existence of a zero boundary c
dition for the field operator at space infinity of RS embedd

1It is worth noting that, if it were not so, Eq.~30! of Ref. @3# could
serve the definition of Fulling operatorsaj ‘‘throughout’’ MS just in
the sense of the joke of the authors of Ref.@4# about Boston post
office.

2In this context we do not quite understand the criticism in R
@4# of our terminology.
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in MS as the regionR. It is clear also that the field operato
in MS does not obey that restriction. However, by virtue
the fact that the space infinity of RS is mapped to a sin
point of MS, namely, the originx50, the authors of Ref.@4#
argue that ‘‘the subtlety about the origin’’ does not affect t
physics inRøL. We will discuss this point in the succeedin
section.

B. The zero boost mode

We agree with the authors of the Comment that singu
ity of the boost mode, as a function ofk, at the origin of MS
is ‘‘not relevant to the behavior of an eigenfunction expa
sion at points inside the wedgesR and L.’’ However, this
statement, in contrast to Ref.@3# ~at least to that part of it
which deals with RS as a self-contained spacetime!, is com-
pletely irrelevant to Ref.@2# which attempts to consider th
field states definedthroughoutMS.

The fact that the data at a single point of a Cauchy surf
can play the decisive role for dynamics of the system in M
is confirmed by the Cauchy data for the two-point comm
tator in both the four-~the Pauli-Jordan function; see, e.g
Ref. @7#!, and the two-dimensional cases@see Eq.~2.16! of
Ref. @1##. This function is equal to zero throughout the su
face t50, while its time derivative is a delta function ofr ,
i.e., is not equal to zero only at the origin. However, it
claimed in Ref.@2#, p. 879 that ‘‘the union of the two space
like hypersurfaces given byt50 in both R and L is a
Cauchy surface for the full Minkowski spacetime,’’ wheret
is the Rindler time. SinceR and L are open regions, this
union reproduces the surfacet50 without the origin. The
above mentioned example shows that such a surfacecannot
serve as a Cauchy surface in full MS. Otherwise the tw
point commutator in the theory~which is Poincare´ invariant!
would be identically equal to zero throughout MS includin
the points inside the light cone. That would mean that th
is no quantum theory in MS with the excised origin. Nat
rally, it is senseless to talk about the Minkowski vacuum
such a theory and, as a consequence, about the thermal
erties of this state from the point of view of any observer
is worth noting that Troost and Van Dam came to exactly
same conclusion. They explicitly demonstrated in Ref.@8#
that the thermal properties of the vacuum propagator
straightforwardly related to excising the origin from the E
clidian spacetime obtained from MS by Wick rotation. In M
this procedure is equivalent to cutting out the horizons,
complete agreement with our result.

We showed in Ref.@1# that cutting out the origin from the
surfacet50 is equivalent to omitting the zero boost mode
expansion of the field operator in MS in terms of boo
modes, Eq.~4.6! of Ref. @1#. However, the authors of Ref.@4#
assert that ‘‘the omission of the single pointk50 will not
change the value of the integral’’~5.8! in Ref. @1#. It is said
that this is because ‘‘the natural measure for integration o
k @in Eq. ~5.8! of Ref. @1## is the ordinary Lebesgue mea
sure.’’ This assertion is faulty because, by virtue of t
d-function type singularity of the zero boost modeon hori-
zons and at the origin@see Eq.~4.19! in @1##, the spectral
point k50 is of nonzeromeasurethere ~Dirac measure; see

.
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COMMENTS PHYSICAL REVIEW D 70, 048702 ~2004!
Ref. @9#, note 1.4!. Thus, being indeed Lebesgue negligib
insideR andL, this spectral pointgives an essential contri
bution to expansion of the fieldin the whole MSRef. @1#, Eq.
~4.6!.

The authors illustrate their point by an example with t
eigenfunction expansion of acontinuousfunction g(x). We
agree that the relation

g~x!5 lim
e→0

E
ux8u.e

d~x2x8!g~x8!dx8 ~1!

understood as a distributional equality is correct and that
zero boost mode does not contribute to the right hand sid
Eq. ~1!. However, one does not deal only with continuo
functions in quantum field theory. Let us consider the st
dard singular Wightman two-point function as an alternat
example.

Using the formulas of Ref.@1#, Sec. IV the following
representation for the Wightman functionD (1)(x2x8;m) of
the massive scalar field in two-dimensional MS can be
rived:

D (1)~x2x8;m!5 i ^0MufM~x!fM~x8!u0M&

5 i E
2`

`

dkCk~x!Ck* ~x8!. ~2!

By virtue of the translation invariance of the Minkows
vacuum we arrive at

D (1)~x2x8;m!5 i E
2`

`

dkCk~x2x8!Ck* ~0!. ~3!

Note that the representation~3! holds for arbitrary pointsx,
x8 but not only for the case when one of the points is fixed
the origin. Let us now omit the spectral pointk50 in the
integral in the right hand side of Eq.~3!, i.e., make the
change

E
2`

`

dk•••→ lim
e→0

E
uku.e

dk•••. ~4!

It is easily seen that sinceCk(0)51/A2d(k) @see Eq.~4.17!
in @1## the right-hand side of Eq.~3! turns into zero after the
change~4!, and by virtue of Wightman’s reconstruction the
rem @10# the Minkowski vacuum state also becomes equa
zero.

This is an additional argument in favor of the inadmis
ability of omission of the zero boost mode in the field e
pansion in terms of boost modes in MS.

C. Local observables and the Bisogniano-Wichmann theorem

It is stated in@4# that ‘‘the thermal nature of the stat
~Minkowski vacuum! can alternatively be derived withou
even mentioning these~boost! modes;’’ see also, e.g.
@11,12#. It is considered that the most consistent approach
derivation of the Unruh effect, which appeals neither to
Unruh modes and the Fulling quantization scheme, no
concrete models of detectors, is the approach based on
04870
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Bisogniano-Wichmann~BW! theorem in the framework o
an algebraic formulation of quantum field theory. Howev
we have shown that, based on the correct mathematical t
rem ~the BW theorem!, this approach encounters the sam
difficulties as the conventional one.

The authors of the Comment disagree with our conc
sion. They are right to state that, because of Eq.~2! of Ref.
@4# @Eq. ~6.31! in @1##, the restriction of the Minkowski
vacuum to observables localized in theR ~or L) wedge of
MS coincides with the thermal state3 relative to the ‘‘boost
Hamiltonian,’’ but they identify this statement with the Un
ruh effect. This is not the case however. The point is that
set of observables which can be measured by a right or
Rindler observer in MS cannot be reduced to the element
the algebraŨ of observables localized inRøL, since the
complete set also includes the observables that ‘‘catch
the origin of MS. The Unruh effect, as a physical stateme
in the framework of the algebraic approach would imply th
the KMS condition was satisfied with respect to thecomplete
set of observables accessible for Rindler observers. Howe
the BW theorem holds only onŨ and any continuation of the
functionalṽF

(2p) from Eq. ~2! of @4# does not obey the KMS
condition. This situation is in full analogy with the conven
tional approach which we discussed above. Equation~2! of
@4# holds only on the algebraŨ, which is not the complete se
of observables accessible to Rindler observers since
‘‘catching on’’ observables are excluded, while the Unr
quantization is valid only inRøL after excluding the zero
mode from the set of boost modes complete in MS. An
plicit example of a ‘‘catching on’’ observable is presented
the Appendix.

Certainly, a physical phenomenon can be studied us
different mathematical tools but we believe that the nature
the phenomenon will be the same independently of
method of investigation. The method of expansion of t
field operator in terms of a complete orthonormalized se
modes, as well as the particle language based on this me
are commonly accepted in quantum field theory. We are s
that, if some inconsistency arises while treating by t
method a free field even in a noninertial reference frame
will persist in the framework of any other appropria
method of investigation. We think also that any other meth
including one that ‘‘does not even mention’’ boost mod
will necessarily employ the notion of FR particles by th
way or another. This is because if one manifests the prese
of a thermal bath in MS one should indicate which concr
medium is heated to the Davies-Unruh temperature. Rem
ably, the authors of all papers and monographs known to
including the original work@2# interpret the thermal property
of the Minkowski vacuum in terms of FR particles. Th
statement refers, in particular, to Refs.@13# @see Eqs.~11!,
~12! therein# and@11#, in which the approach employing th
Minkowski vacuum two-point function is used. It is wort
noting that in the framework of that approach one expres

3The term ‘‘Kubo-Martin-Schwinger~KMS! state’’ would be more
precise.
2-3
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COMMENTS PHYSICAL REVIEW D 70, 048702 ~2004!
a detector responsefunction through the vacuum two-poin
function on the trajectory of a uniformly accelerating dete
tor ~compare Refs.@11,13#!. But this means that it is neces
sary to employ a concrete model of detector using this
proach; see Sec. III C below for further discussion.

III. OTHER ISSUES

In this section we will comment on different questio
raised by the authors of Ref.@4# which need clarification
although they are not of the utmost importance for the s
ject of the present discussion.

A. Correlations and the superselection rule

We used the term ‘‘superselection rule’’ with only the pu
pose of indicating that it is impossible to prepare a state w
quantum correlations between right and left FR particles
the double RSRøL. We should emphasize:in double RS,
not in MS. This is because we have shown that the Un
quantization scheme is valid only in double RS, which do
not include theF and P regions. Quantum correlations be
tween R and L regions simply cannot be prepared in th
spacetime.

Consider the Wightman two-point function of the fie
fDW in the double RS

DDW
(1)~x,x8;m!5 i ^0DWufDW~x!fDW~x8!u0DW&

5 i E
0

`

dm$Rm~x!Rm* ~x8!1Lm~x!Lm* ~x8!%,

~5!

whereR(x) and L(x) are the right and left Unruh modes
and u0DW& is the vacuum state in the double RS which
annihilated by destruction operators for right and left F
particles ~see Ref.@1#!. It is easily seen from Eq.~5! that
DDW

(1)(x,x8;m)50 if the pointsx and x8 belong to different
wedges of double RS. This fact in no way contradicts
well known possibility of quantum correlations between t
R and L regions of MS which certainly can be created
some cause in theP region of MS. The existence of suc
correlations is demonstrated by a nonvanishing Wightm
function in MS with two points located one in theR and the
other in theL region.

Since the dynamics of the fields in theR andL wedges of
the double RS~governed by boost translations! is completely
independent, and communications between these wedge
forbidden by relativistic causality, it is impossible startin
from the vacuum in double RS to create correlations betw
the left and right particles in this spacetime.

B. State preparation

Commenting on our statement that a uniformly acce
ated observer cannot prepare the Minkowski vacuum stat
the initial state of the field, the authors of@4# suggest that
‘‘No observer can prepare an absolute vacuum throughou
space,’’ which is true but has no relation to our arguments
is clear that a single observer cannot prepare any state in
04870
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spacetime simply because the quantum state is a global c
acteristic of the field. Thus, a quantum state of a field can
prepared only by the efforts of all the observers loca
throughout the space. The word ‘‘throughout’’ is understo
here in the sense that the necessary initial state can be
pared with arbitrary accuracy required by a concrete exp
ment in a concrete physical situation. However, the Rind
observers have no access to the left wedge, and thus ca
prepare the vacuum state throughout all Minkowski spa
That is what we meant in the criticized statement. In t
context the very formulation of the problem about a Rind
observermoving in a Minkowski vacuumseems to us sense
less. The Rindler observer simply cannot possess informa
about the state of the field in the full MS.

C. Detectors

It is stated in Ref.@4# that ‘‘the reality of acceleration
temperature has been confirmed by various theoretical an
sis of concrete systems.’’ However, we never asserted th
particular uniformly accelerated detector cannot reveal
Unruh ~thermal-like! response. Rather, we question
whether this response is universal, so that it could be con
ered as a property of the Minkowski vacuum seen from
uniformly accelerating reference frame. Certainly, the
sponse of a particular detector can be predicted in princ
by performing calculations using the standard quantum m
chanical technique in an inertial reference frame without a
reference to Unruh modes or the notion of FR particles. T
could be done if one knows the nature of the accelera
force and the concrete structure of the detector. Howe
there is no hope of proving universality of the Unruh effe
from an arbitrary number of detector models. That is why
examples given in Sec. III of Ref.@4# cannot convince us o
the existence of the Unruh effect as auniversalproperty of
the Minkowski vacuum. Nevertheless, nonuniversality of t
thermal response could be proven within such an appro
just by demonstration of at least a single example of a u
formly accelerated detector which does not reveal the Un
behavior. We found such an example in Ref.@14#. It was
shown there that the long time behavior of an element
particle detector accelerated by a scalar background in
vacuum of a fermion field crucially differs from the behavi
one would predict on the basis of the Unruh conjecture.
stead of arriving at some ‘‘thermal equilibrium’’ state, th
detector creates a neutrino-antineutrino pair and returns t
initial state. This means that the detector remembers its
tial state and hence one can by no means talk about equ
rium in the final state of this particular case of a detector.
think that this example demonstrates nonuniversality of
Unruh response and constitutes a convincing argumen
favor of the impossibility of proving the existence of a un
versal Unruh effect in the framework of quantum fie
theory.

IV. CONCLUSIONS

Proper understanding of the physics in accelerating re
ence frames is important for constructing quantum fi
theory in an arbitrary strong gravitational field. The bas
2-4
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COMMENTS PHYSICAL REVIEW D 70, 048702 ~2004!
conclusion of Ref.@1# is that the work@2# ~as well as other
work on the subject! does not give compelling grounds as
now for treating the Minkowski vacuum state as a therm
bath of FR particles. We hope that the additional argume
presented in this Reply will help to clarify a certain misu
derstanding around our results which could have ari
through our fault, maybe because our wording sometim
was not exact enough. We hope that our observations wil
useful for construction of a consistent theory.

V. FINAL REMARK

In this section we will reply to the comment in the la
paragraph in Sec. III of Ref.@4# which appeared after th
authors of Ref.@4# became familiar with the text of the
present paper. The authors contend that ‘‘one need neve
~2.12! ~from Ref. @2#! in Minkowski space except with
smooth test functions’’ and that omission of one spec
point in the expansion of a smooth function of compact s
port in terms of boost eigenfunctions does not affect
value of the integral. We have no objections to the first p
of this statement but cannot agree with its second part
applies to the pointk50. We have written already in Sec
I B that the spectral pointk50, due to singularity of the zero
boost mode, is a point ofDirac but notzeromeasure on the
light cone. Here we will explain this issue in detail.

The expansion of a field operator in boost eigenfunctio
with excised pointk50, which is equivalent to Eq.~2.12! of
Ref. @2#, reads

f~x!5 lim
e→0

fe~x!,

fe~x!5E
uku.e

dk$bkCk~x!1bk
†Ck* ~x!%. ~6!

The assertion that the expansion~6! is valid in the full
Minkowski spacetime means that the operator-valued dis
bution fe(x) tends tofM(x) ase→0, where

fM~x!5E
2`

`

dk$bkCk~x!1bk
†Ck* ~x!%,

is the operator of the massive scalar field in MS.
Consider now the space of normalized Gaussian test fu

tions

f R~x!5
1

pR2
expS 2

t21z2

R2 D
~see the Appendix!. The operatorfe(x) smeared with a tes
function from this space reads

fe~ f R!5E
uku.e

dk f k~R!$bk1bk
†%,

where
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f k~R!5
1

23/2p
Kik/2S m2R2

4 D ~7!

~see the Appendix!. The functionf k(R) is a bell-like func-
tion of k at fixedR, and asR→0 turns into ad function @17#

f k~0!5
1

A2
d~k!.

It is clear that there exists such anRe that the widths of the
test functionsf k(R) @Eq. ~7!# with R,Re become less than
e. Also, we can always choose a normalized stateug&
5*2`

1`dkg(k)bk
†u0M& whereg(k) is concentrated in the in

terval 2e,k,e. Then the matrix element̂gufe( f R)u0M&
evidently vanishes. At the same time, due to the unbound
ness of the smeared field operators, the stateug& can be cho-
sen so that the matrix element^gufM( f R)u0M& will be arbi-
trarily large. Hence, there exists such al.0 that for anye
.0 one can find test functions and normalized one-part
statesug& such that

z^gu@fe~ f R!2fM~ f R!#u0M& z.l. ~8!

This means that the operator-valued distributionfe( f R) does
not converge tofM( f R) whene→0 even in a weak sense.

We will illustrate the proposition by direct calculation o
the limits of the discussed one-particle amplitudes forR
→0. Evidently,

lim
R→0

^gufe~ f R!u0M&5E
uku.e

dk
d~k!

A2
g~k!50.

At the same time

lim
R→0

^gufM~ f R!u0M&5E
2`

`

dk
d~k!

A2
g~k!5

g~0!

A2
.

Let us emphasize that the latter formulas were obtained
our paper@1#, Eqs. ~5.15!, ~5.10!, respectively, where they
were written for field operators and had to be understood
the weak sense. Here they are derived for smeared opera

Let us give another example illustrating the fact that e
cising the pointk50 strongly affects the properties of th
field operators. Consider the matrix element of the opera
f( f ), smeared with an arbitrary test function, between
non-normalizable one-particle state withk50 and the
vacuum state in MS,

^0Mub0f~ f !u0M&5 lim
e→0

E
uku.e

dk f kd~k!.

It is clear that the considered matrix element is equal to z
while the matrix element̂ 0Mub0fM( f )u0M& is evidently
equal tof 0Þ0.

Thus we see that the fieldf(x), Eq.~6!, has nothing to do
with the quantum scalar massive fieldfM(x) in MS. The
reason for this result is very simple. To construct a quant
field theory one should have field operators smeared with
2-5
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possible smooth test functions. But in that functional sp
test functions always exist with arbitrarily small dispersi
localized at the light cone where the zero boost mode h
d-function singularity. That is why omission of the ze
boost mode is far from being a harmless operation. We h
that after this clarification it will be clear that excising th
singular zero mode out of the set of boost eigenfunction
inadmissible.
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APPENDIX: THE ‘‘CATCHING ON’’ OBSERVABLES
IN THE FIELD ALGEBRA IN MS

The BW theorem states that the Minkowski vacuu
Green’s functions, being restricted to the right~or left!
Rindler wedge of MS, satisfy the KMS condition with d
mensionless ‘‘temperature’’ (2p)21 relative to the Lorentz
boost generatorL̂; see, e.g.,@15#. As an example, conside
the particular case of the two-point Wightman function
MS. Denote byfM( f ) a field operator smeared with
smooth test function f (x), fM( f )5*dxfM(x) f (x). If
supp$ f %PR, then the BW theorem is equivalent to the ass
tion @15# that the state

uQ f~h!&5eihL̂fM~ f !e2 ihL̂u0M&5eihL̂fM~ f !u0M&

is an analytical function inside the strip 0,Im h,p and

^Qg~ ip!uQ f~ ip!&5^Q f~0!uQg~0!&.

Now consider a test function which is localized near t
origin,

f ~x!5C expS 2
t21z2

R2 D ,
d

. D

d

l
,

04870
e

a

e

is

c
n

-

where R and C are constants. Since supp$ f %ùRÞB, this
test function defines a ‘‘catching on’’ observable. We hav

uQ f~h!&5E
2`

1`

dk f keikhbk
†u0M&, f k5E dxCk* ~x! f ~x!,

wherebk andCk are the boost destruction operator and t
boost mode, respectively. Making use of the boost mode
tegral representation, Eq.~4.7! in @1#, we obtain

f k5
CR2

2A2
Kik/2S m2R2

4 D ,

whereKik/2(y) is a Macdonald function.
In order for the stateuQ f(h)& to be an analytical function

inside the strip 0,Im h,p, it is necessary that all the ove
laps F(h)5^xuQ f(h)& are also analytical functions insid
that strip. It is assumed that the statesux& are normalized,
e.g., by the condition̂xux&51. For the state

ux&5
1

A2pK0~m2R2/2!
E

2`

1`

dkKik/2S m2R2

4 Dbk
†u0M&,

the overlap can be calculated analytically@16#,

F~h!5
CR2

2
A p

K0~m2R2/2!
K0S m2R2

2
coshh D .

The function F(h) possesses branch points ath5 ip(n
11/2), n50,61,62, . . . . Therefore the stateuQ f(h)& is
free of singularities only inside the strip2p/2,Im h
,1p/2, and hence the KMS property for the Wightma
function fails. Moreover, the KMS conditioncannot even be
formulatedfor the ‘‘catching on’’ observables. Certainly, thi
result by no means contradicts the BW theorem.
d,
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